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Abstract 

If (X, V) is a sequentially complete locally convex space, then a quo- 
tient bounded operator T £ Q-p(X) is regular (in the sense of Waelbroeck) 
if and only if it is a bounded element (in the sense of Allan) of algebra 
Qr>(X). The classic functional calculus for the bounded operators on 
Banach space is generalized for bounded elements of algebra Q-p(X). 
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1 Introduction 

It is well-known that if AT is a Banach space and L(X) is Banach algebra of 
bounded operators on X, then formula 

f(T) = ^-J f(z)R(z,T)dz, 
r 

( where / is an analytic function on some neighborhood of <j(T), T is a closed 
rectifiable Jordan curve whose interior domain D is such that a(T) C D, and / 
is analytic on D and continuous on D U T) defines a homomorphism / — > f(T) 
from the set of all analytic functions on some neighborhood of cr(T) into L(X), 
with very useful properties. 

Through this paper all locally convex spaces will be assumed Hausdorff, over 
complex field C, and all operators will be linear. If X and Y are topological 
vector spaces we denote by L(X,Y) (C(X,Y)) the algebra of linear operators 
(continuous operators) from X to Y. 

Any family V of seminorms which generate the topology of locally convex 
space X (in the sense that the topology of X is the coarsest with respect to 
which all seminorms of V are continuous) will be called a calibration on X.The 
set of all calibrations for X is denoted by C(X) and the set of all principal 
calibration by Cq(X). 
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If (X, V) is a locally convex algebra and each seminorms p G V is submul- 
tiplicative then we said that (X, V) is l.m.c. -algebra. 

On a family of seminorms on a linear space X we define the relation ,, <' of 
partially ' ordered by 

P < q ^ P (x) < q (x), (V) x £ X. 

A family of seminorms is preordered by relation -<", where 

p -< q <^> there exists some r > such that p (x) < rq (x), for all x £ X. 

If p -< q and q -<, p, we write p « q. 

Definition 1.1 Two families V\ and V2 of seminorms on a linear space are 
called Q -equivalent ( denoted V\ ~ V2) provided: 

1. for each p\ £ Pi there exists P2 S V2 such that pi ks pi; 

2. for each P2 € P2 there exists p\ £ V\ such that P2 ~ Pi ■ 

It is obvious that two Q-equrvalent and separating families of seminorms on 
a linear space generate the same locally convex topology. 

Similar to the norm of an operator on a normed space we define the mixed 
operator seminorm of an operator between locally convex spaces. If (X,V), 
(Y, Q) are locally convex spaces, then for each p £ V and q € Q the application 
m pq : L(X, Y) -> R U {00}, defined by 

m pq {T)= sup ii^l,(V)Tei(X,r). 
p(x)^Q P{x) 

is called the mixed operator seminorm of T associated with p and q. When 
X = Y and p = q we use notation p = m pp . 

Lemma 1.2 (|18j) If{X, V), (Y, Q) are locally convex spaces andT E L(X, Y), 
then 

1. m pq (T) — sup q{Tx)— sup q (Tx) , (V) p £ P, (V) q e Q] 

p(x) — l p(x)<l 

2. q(Tx) < m pq (T)p(x), (V) x 6 X, whenever m pq {T) < 00. 

3. m pq {T) = inf {M >0\q (Tx) < Mp (x) , (V) x G X}, whenever 

(T) < 00. 

Definition 1.3 Let X be a locally convex space. An operator T G L(X) is: 

1. quotient bounded operator with respect to a calibration V G C(X) if for 
every seminorm p G V there exists c p > such that 

p (Tx) < c p p (x) , (V) x G X. 
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2. universally bounded with respect to the calibration V G C(X) if there exists 
Co > such that 

p(Tx) < c oP (x) , (V) x g x, (V) per. 

3. locally bounded if maps some zero neighborhood in a bounded set, i. e. there 
exists some seminorms p G V such that we have m pq (T) < oo, for each 
q G V . 

Remark 1.4 It is obvious that B V (X) C Qv{X) C C{X). 

If X is a locally convex space and V G C(X), then for every p G V the 
application p : Q-p(X) — > R defined by 

p(T) = inf{ r > | p(Tir) <rp(i),(V)ieX}, 

is a submultiplicative seminorm on satisfying p{I) — 1. We denote by 

V the family {V \ p E V}. 

Lemma 1.5 ([16j) If X is a sequentially complete convex space, then Q-p(X) 
is a sequentially complete m-convex algebra for all V G C(X). 

Let (X,V) be a locally convex space and T G Q-p(X). We say that T is a 
bounded element of the algebra Q-p(X) if it is bounded element in the sense 
of G.R.Allan [1], i.e some scalar multiple of it generates a bounded semigroup. 
The class of the bounded elements of Q-p(X) is denoted by (Qv{X))q. 

Definition 1.6 Let {X,V) be a locally convex space. 

1. If T E Qv{X) (T G (Q V (X)) Q , respectively T G B V {X)) we said that 
a G C is in the resolvent set p(Q-p,T) (p(Q^,T), respectively p(B-p,T)) 
if there exists (al -T) -1 G Qv{ x ) (( aI -Ty 1 G (Q V (X)) , respectively 
(al — T) _1 G B-p(X)). The spectral set a(Q-p,T) (a(Q^,,T), respectively 
a(B-p,T)) will be the complement set of p(Q-p,T) (p(Q^,,T), respectively 
p(B v ,T)). 

2. Let T be a locally bounded operator on a locally convex space X. We say 
that A G pw(T) if there exists a scalar a and a locally bounded operator S 
on X such that (XI — T) -1 = al + S. The spectral set o~ib(T) is defined 
to be the complement of the resolvent set pn,(T). 

Remark 1.7 1. It is obvious that we have the following inclusions 

a(T)ca(Q v ,T)ca(B v ,T). 

2. The set pw(T) will be the spectrum ofT in the algebra CBq(X). 
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Definition 1.8 Let X be a locally convex space. A sequence (S n ) n C CB{X) 
converges uniformly to zero on some zero-neighborhood if for each principal 
calibration V G Cq(X) there exists some seminorm p G V such that for every 
q G V and every e > there exists an index n q . e G N, with the property 

(S n ) < e, (V) n > n qi e- 

A family G C CB{X) is uniformly bounded on some zero-neighborhood if there 
exists some seminorm p G V such that for every q G V there exists e q > with 
the property 

m pq (S) < eg, (V) S G G. 
Proposition 1.9 (|8j) Let X be a locally convex space and V G C{X). 

1. Q-p(X) is a unitary subalgebra of C(X); 

2. Q-p(X) is a unitary l.m.c. -algebra with respect to the topology determined 
by V; 

3. LfT" G C{X) such that V » V' , then Qv{X) = Qv{X); moreover the 
V -topology and V' -topology coincide; 

4-. The topology generated by V on Q-p(X) is finer than the topology of uni- 
form convergence on bounded subsets of X . 

Definition 1.10 If (X, T 3 ) is a locally convex space and T G Q-p(X) we denote 
by r-p{T) the radius of boundness of operator T in Q-p(X), i.e. 

r-p{T) = inf{o! > | aT x T generates a bounded semigroup in Q-p(X)}. 

We have said that r-p.{T) is the P-spectral radius of the operator T. 

Proposition 1.11 (|lj) If X is a locally convex space andV G C(X), then for 
each T G Q-p(X) we have 

r v {T) = sup{ limsupG3(T")) 1/n | p G V}. 

n — >oc 

Proposition 1.12 ([16j) If X is a locally convex space and V G C(X), then 
for each T G Q-p(X) we have: 

1. r-p(T) > and r-p(XT) =\ X \ r-p(T),(V)A G C, where by convention 
Ooo = oo; 

2. r-p(T) < +oo if and only i/Tg (Q-p(X))o; 

3. r v {T) = inf (a > | lim ^ = ); 

4. r v {T) = sup{ lim (p(T n )) 1/n | p G V} = 

n— »oo 

= sup{ inf { P (T n )) 1/n | peP}; 
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Proposition 1.13 ( [16j ) Let X be a locally convex space and V G C(X). 

1. IfT G {Q V (X)) , then 

lim — = 0, (V) I A |> r v {T); 

n — >oo \' L 

2. If T € (Q T (X)) and <| A |< r V {T), then the set {^} n>1 is un- 
bounded. 

3. For each T G Q-p(X) and every n > we have r-p(T n ) — r-p(T) n . 

Proposition 1.14 ( [16j ) // (X, V) is a sequentially complete locally convex 
space, then Q-p(X) is a sequentially complete l.m.c. -algebra for all V G C(X). 

Proposition 1.15 ( [16j ) Let X be a sequentially complete locally convex space 
and V G C(X). If T £ (Q-p(X))o and | A |> r-p{T), then the Neumann series 

oc 

^2 A J+i converges to R(X,T) (in Q-p(X)) and R(X,T) G Q-p(X). 

Proposition 1.16 ( [16j ) Let X be a sequentially complete locally convex space 
andP 6 C(X). IfT G Q V {X), then \a(Q v ,T)\ = r v {T). 

Definition 1.17 // {X, V) is a locally convex space and T G (Q-p(X))o we 
denote by r^p(T) the radius of boundness of the operator T in (Qj>(X))q. 

We say that rS,(T) is the P-spectral radius of the operator T in algebra 

(Qv(x)) . 

Remark 1.18 // (X, V) is a locally convex space and T 6 (Q-p(X))o then 
r^,(T) = r-p(T). Moreover, r%,(T) has all the properties of the spectral radius 
r-p(T) presented above. 

Lemma 1.19 Q16J) IfV a calibration on X , then B-p(X) is a unitary normed 
algebra with respect to the norm \\»\\-p defined by 

\\T\\ V = sup{m pp (T) \ peV}, (V) T G B V {X). 

Corollary 1.20 ([16]) IfV £ C(X), then for each T G B V (X) we have 

\\T\\ V = inf{M > | p (Tx) < Up (x) , (V) x G X, (V) p G V}. 

Proposition 1.21 (|8j) Let X be a locally convex space and V £ C(X). Then: 

1. B-p(X) is a subalgebra of C(X); 

2. (B-p(X), \\*\\-p) is unitary normed algebra; 

3. for each V' G C(X) with the property V ~ V , we have 

B V {X)=B V ,{X) and \\*\\ v = . 
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Proposition 1.22 (|2j) Let X be a locally convex space and V G C(X). Then: 

1. the topology given by the norm ||«|| -p on the algebra B-p(X) is finer than 
the topology of uniform convergence; 

2. if (T n ) n is a Cauchy sequences in (B-p(X), ||»||-p) which converges punc- 
tually to an operator T, we have T G B-p(X); 

3. the algebra (B-p(X), ||*[[-p) is complete if X is sequentially complete. 

Proposition 1.23 ([8j) Let (X,V) be a locally convex space. An operator 
T G Q-p(X) is bounded in the algebra Qj>{X) if and only if there exists some 
calibration V G C(X) such that V « V and T e B V \X). 

Proposition 1.24 ([2j) If(X, V) is a sequentially complete locally convex space 
and T G B-p(X), then the set o~(B-p,T) is compact. 

Lemma 1.25 If V is a calibration on a locally convex space X, then 

\\T\\ V = sup{p(T) | p G V}, (V) T G B V {X). 

Corollary 1.26 If X is a locally convex algebra V G C(X), then for each T G 
B-p(X) the inequality r-p(T) < \\T\\-p, holds for each calibration V' G C(X) such 
that V «P' andT G B V ,(X). 

Lemma 1.27 ([17J) Let X be a sequentially complete locally convex space and 
V G C(X). Then, for each T G B-p(X) we have 

o-(B v ,T) |< liminf \\T n \\^ n < r{B v ,T) 

n^oc 

Proposition 1.28 (|7j) Let (X,V = (p a ) aeA ). If T G Qv(X), such that the 
set o~{Q-p,T) is bounded, then there exists some calibration V' — (p' a ) a ^A G 
C(X) with the property: 

(A) For all a £ A there exists m a , M a > such that 

m a p a (x) < p a (x) < M a p a (x) , (V) x G X. 
Moreover, T G B V \X). 

Definition 1.29 Given a linear operator T on a topological vector space X, we 
consider 



r lb (T) =inf \v > 



> uniformly on some zero neigborhood 

u n 

Lemma 1.30 ([10]) If T\ and T2 are locally bounded operators on X, then 
there exists a calibration V' on X such that T\,Ti G B-pi(X). 

Proposition 1.31 (|17J) If X is a sequentially complete locally convex space 
and T is locally bounded, then o~(T) — aib(T). 
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Proposition 1.32 (|17J) If X is a sequentially complete locally convex space 
and T is locally bounded, then 

ri b {T) = \a(T)\ = \a lb (T)\. 

Proposition 1.33 (|17J) If X is a sequentially complete locally convex space 
and T is locally bounded, then o~(T) is compact. 

Corollary 1.34 ([17J) Let X be a sequentially complete locally convex space 
and T £ CB(X). If X £ p(T) and d(X) is the distance from X to the set o~(T), 
then 



(xi -ry 1 



1 

> 



v - d[xy 

whenever V G C{X), such that (XI - T)' 1 ,T G B V (X). 

Definition 1.35 Let (X,V) be a locally convex space. The Waelbroeck resolvent 
set of an operator T G Q-p(X), denoted by pw(Qv, T), is the subset of elements 
of Ao G Coo = C U {oo}, for which there exists a neighborhood V G V(\ ) such 
that: 

1. the operator XI — T is invertible in Q-p(X) for all A G y\{oo} 

2. the set { ( XI - T y 1 \ X G ^\{oo} } is bounded in Q V (X). 

The Waelbroeck spectrum of T , denoted by o~w(Q~PiT), is the complement 
of the set pw(Qv,T) in Coo. It is obvious that a(Q-p,T) C aw(Qv,T). 

Remark 1.36 Let (X,V) be a locally convex space. If T g Q-p(X)), then 
p w (Q v ,,T) = p w (Qv, T) for all V G C(X) such that V w V . 

Definition 1.37 Let (X,V) be a locally convex space. An operator T G Q-p(X) 
is regular if oo ^ o~w(Qt>iT), i.e. there exists some t > such that: 

1. the operator XI — T is invertible in Q-p(X), for all \ X \ > t 

2. the set {R(X,T) \ \ X \ > t} is bounded in Q-p(X) 

2 Bounded operators in Q-p(X) 

In the next sections we assume that X will be sequentially complete locally 
convex space. 

Lemma 2.1 Let (X,V) be a locally convex space and T G (Q-p(X))o such that 

oo 

r-p (T) < 1 . Then the operator I — T is invertible and I — T = Y^, T n . 

n=0 
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Proof. Assume that r-p(T) < t < 1. From proposition 11.111 results that 
limsup (p (T n )) 1/n < t, (V) peP, 

so for each p ^ V there exists n p € N such that 

(p (T™)) 1 /" < sup (p(T n )) 1/n < t, (V) n > n p . 

n>n p 

oc 

This relation implies that the series ^ p(T n ) converges, so 

lim p (T n ) = 0, (V) P eP, 
therefore lim T n = 0. Since the algebra Q-p(X) is sequentially complete results 

n—>oo 

oc 

that the series ^ T n converges. Moreover, 

m m 

(I - T) J] T™ = ^ T"(7 — T) = 7 - T m+1 , 

n=0 n=0 

SO 

oo oc 

(7 - T) 2 T" = £ T™(7 — T) = I, 

oo 

which implies that I — T is invertiblc and 7 — T = ^ 

ra=0 

Lemma 2.2 Lei (X, 6e a sequentially complete locally convex space. IfT S 
(Qp(X)) ften 

7 t/ie application A — * R(X,T) is holomorphic on pw{Qv,T) ; 

2. ^R(X,T) = (-l)™n!i?(A,T)™+\ /or every n £ N; 

5. lim R(\,T) = and lim A -1 T) = lim XR(1,T)=I; 

|A| — j-oo | A| — >-co |A|— >oo 

4. a w (Q v ,T) =/=0. 

Proof. 1) If A G pw{Qv,T) then there exists V G V(x ) with the properties 
(1) and (2) from definition (|1.35[) . Since for every A G V\{oo} we have 

R(X, T) - R(X ,T) = (A - X)R(X, T)R(X , T) 

and the set {R(X,T)\ X G y\{oo}} is bounded in Q-p(X) results that the appli- 
cation A — > i?(A,T) is continuous in Ao, so 

lim 7 ? (A,T)-E(Ao,r )= _ E2(Ao)T) 

A— >Aq A — Ao 
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If Ao = oo then, there exists some neighborhood V £ V(oo) such that the 
application A — > R(X,T) is defined and bounded on V\{oo}. Moreover, this 
application it is holomorphic and bounded on V\{oo}, which implies that it is 
holomorphic at oo. 

Therefore, the application A — > i?(A, T) is holomorphic on pvv{QviT). 

2) Results from the proof of (1). 

3) For each A £ pw(Qv,T) we have 

X-^I + TR(X,T))(XI -T) =1, 

so 

R(X,T) = X- 1 (I + TR(X,T)). (1) 
If V £ V(a ) satisfies the condition of the definition p.35[) . then the set 

{TR(X,T)\ X £ V\{oo}} 

is bounded, so from relation |T]) results that lim R(X, T) = 0. 

| A — >oc 

From equality R(X, T) = A _1 i?(l, A _1 T), A ^ 0, and relation (P) results that 
iZ(l,A -1 T) = I + TR(X, T), 



so 



lim i?(l,A -1 T) 

|A|-»oo 



lim (I + TR(X,T)) = I 

| A — 'oo 



4) Assume that aw(Qv,T) = 0. Then the application A — » R(X,T) is holo- 
morphic on C and converges to at infinity. From Liouville Theorem results 
that R(X, T) = 0, (V) A £ C. Therefore, I = (XI - T)R(X, T) = 0, which is not 
true. ■ 

Proposition 2.3 Let (X, V) be a locally convex space. Then an operator T 
£ Q-p(X) is regular if and only if T £ (Q-p(X))o. 



Proof. Assume that T £ (Q-p(X))q. It follows from proposition (|1.23p that 
there is some calibration V £ C(X) such that V « V and T £ B V >(X). 
Moreover, Q V (X) = Q V >(X). 

oo 

If I A |> 2 Hrjlp,, then the Neumann series ^2 converges in B-pi(X) 

n=0 

and its sum is R(X,T). This means that the operator XI — T is invertible in 
Q-p(X) for all A |> 2 \\T Moreover, for each e > there exists an index 
n e £ N such that 



R(X,T)-J2 



T 



k=0 



X k+1 



<e, (V) n>n e , 



which implies that for each n > n £ we have 



\\R(\T)\\ p> 



< 



J2(A,T)-£ 



k=0 



X k+1 



E 

k=Q 



rpK 



X k+i 



< 
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< e +(2||T|| p ,)- 1 E 2 ^ <e +(ll r l^) _1 - 

■pi k=0 

Since e > is arbitrarily chosen, we have that 

||i?(A,r)|| p ,<(||T|| p ,)- 1 ,(V)|A|>2||T|| p , 
From definition of norm || it follows that 

p'( J R(A,T))<(||T|| p ,)" 1 , 

for any p G V' and for each | A |> 2 ||T|L,,, which means that the set 

{R (A, T) | A |> 2 \\T\\ pl } 

is bounded in Qp(X) = Qpi(X). Therefore, T is regular. 

Now suppose that T G Q-p(X) is regular, but it is not bounded in Qp(X). 
By propositions 11.121 and 11.161 this means that 

I aw(Qv, T) |=| a(Q v ,T) |= r v {T) = oo, 

which contradicts the supposition we have made. Therefore, T is a bounded 
element of Q-p(X). a 

Proposition 2.4 Let (X,!^) be a locally convex space. IfT^ (Qp(X))o, then 

P w(Qv,T) = p(Q° T ,T). 

Proof. If Ao G p(Qj,,T) then from previous proposition results that R(Xq,T) 
is a regular element of the algebra Q-p(X), so there exists t > for which the 
condition (1) and (2) of the definition 11.371 arc fullfillcd. Those conditions are 
equivalent with 

1') (A-A )" 1 /-i?(A ,T) is invcrtible in Q V (X) for all |A-A | < t _ \A ^ A ; 
2') the set 

{R((X - Ao)" 1 , i?(A , T))\ |A - A | < t~\ A ? A } 

is bounded in Q-p(X). 

From the condition (2') and lemma l2~2l results that the set 

{(A-A )- 1 i?((A-A )- 1 ,i?(A ,T))| |A-A | <i- 1 ,A^A } 

is bounded in Q-p(X). Moreover, each seminorm p(T),(p G V), is submulti- 
plicative, so the set 

{(A - A )- 1 i?(A ,T)i?((A - A )- 1 ,i?(A ,T))| |A - A | < t~\ A ± A } 

is also bounded in Q-p(X). Since 

(XI - T)(A - A)- 1 i?(A , T)R((X - X )-\ i?(A , T)) = 



<e+ I A r 1 y: 



k=0 



rpK 



X k 
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= ((A / - T) + (A - A )J)(Ao - A)- 1 i?(A , T)R((X - X )-\R(X , T)) = 
= (A - A)- 1 i?((A - A )-\ R(Xo, T)) - R(X , T)R((\ - X )-\ R(X , T)) = 
= ((A - A)- 1 / - R(X ,T))R((X - X Q )-\R(Xo, T)) = I, 

results that 

R(X, T) = (A - A)- 1 i?(A , T)R((X - Ao)" 1 , R(X , T)). (2) 

Therefore, the conditions 

1) XI - T is invertible for all A - A < t -1 ; 

2) {i?(A,T) |A- A | < i" 1 } is bounded in Q V (X), 

of definition (TOS]) are fullfilled, so A G p w (Qv,T) and p(Q^, T) C p w (Q v ,T). 

Conversely, if Ao £ pw{Qv,T) there exists if > such that 
1") AI — T is invertible for all |A — Ao| < K; 
2") {R(X,T)\ | A — A 1 < is bounded in Q v (X). 

From the relation |(5J) and property (2" ) will result that the 

{(A - A )- 1 i?((A - A )-\i?(A ,T))| |A - Aop 1 > K~\ X ^ A } 

is bounded in Q-p(X), so R(Xq,T) is regular in Q-p(X). From previous propo- 
sition results that R(X ,T) G (Q V (X)) and A G p(Q^,T). a 

Proposition 2.5 Let (AT,? 3 ) fee a locally convex space. If T £ (Q-p(X))o 
| A |> rp(T) ; t/ien A G p(Q^,T). 

oo 

Proof. Proposition ! 1 . 1 5l implies that the series ^2 T^tt converges to R (Ao, T) € 

n=0 

Q-p(X). Then, there exists e>0 such that 

D (Ao, e) = {X\\X - Ao < e} C {m||m| > MT)} , 
so the operator XI — T is invertible, for every X E D (Ao, e), and (AI — T) _1 G 

Now we will prove that the set a(Qj>, R(Xq,T)) is bounded. If | p > e _1 , 
then | /i | _1 < e and Ao — p^ 1 G D(Ao,e). From previous observations results 
that (A - p~ l )I - T is invertible and ((A - p^)I - T)^ 1 G Q V (X). 

Since 

M _1 iZ (A - p~\T) (A / - T) (/x/ - i? (A , T)) = 
= R(X - p-\T) (A / - T) - ^i? (Ao - p" 1 , T) = 
= R (Ao - p-\T) (((Ao - A*" 1 )/ -T) + p- l I) - p- l R (A - p~\T) = 
= 1 + p- l R (Ao - p-\T) - p- l R (A - p-\ T) = I. 

results that 

R{p, R (Ao, T)) = p~ l R (Ao - p~\ T) (X I - T) 
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But 

R (Ac - yT\ T) , (A J - T) G 

so R(n,R(X Q ,T)) G for all | /i |> e" 1 . 

Therefore, <j(Q-p, R(\q,T)) C £>(0, e -1 ) and from proposition 11.281 results 
that there P' G C(X) such that i?(A ,T) G B V ,(X) and 7" « P. This implies 
that Qv(X) = Qv(X) and R(\ ,T) G (Q P (X)) (proposition [T23]). 

Corollary 2.6 Let X be a locally convex space andV G C(AT). IfT G (Q-p(X))o 

|a(Qp,r)| = |<r w (Qp,T)| = r P (T) 

Proof. Is a direct consequence of propositions 12.41 12.51 and 11.161 u 

Definition 2.7 Let (X,V) be a locally convex space. An operator T G Q-p(X) 
is V -quasnilpotent ifr-p(T) = 0. 

Remark 2.8 1. If ' T G Q-p(X) is V -quasnilpotent, then T G (Q-p(X))o and 
a w (Q Vl T) = {0}. 

2. T <E Q-p(X) is V- quasnilpotent if and only if a(Q-p, T) = {0}. 

3 A functional calculus 

L.Waelbroeck presented before a functional calculus for regular operator on 
quasi-complet locally convex space. In this section we prove that it can be 
developed a functional calculus for the bounded elements of algebra Q-p(X) 
(which by previous section are regular element of this algebra), when (X, V) 
(V G C(X)) is a sequentially complete locally convex algebra. We will use some 
techniques from I. Colojoara (3] and L.Waelbroeck [15] . 

Let V G C(X) be arbitrary chosen and BcCa relatively compact open set. 
Denote by 0(D, Q-p(X)) the unitary algebra of the functions / : D — > Q-p(X) 
which are holomorphic on D and continuous on D. 

Lemma 3.1 If p G V, then the application \ f \ p> d- 0(D,Q-p(X)) — » R given 
by relation, 

| / \ P , D = su P p(/ (z)), (V) / G 0(D, Qv(X)), 

z£D 

is a submultiplicative seminorm on 0(D,Q-p{X)). 

If we denote by r-p.D the topology defined by the family { | / \ P: d \ P G V} 
on 0(D,Q v (X)), then (0{D,Q v (X)),t v , d ) is a l.m.c.-algebra. 
Let K C C be a compact set, arbitrary chosen. We define the set 

0(K,Q v (X)) = U{0(D,Q v (X))\ DcCis relatively compact open set } 
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If D\, D 2 C C are relatively compact open sets such that K C Di, i = 1,2, 
and fi G 0(Di, Q-p(Xj), i = 1,2, we say that /1 ^ f 2 if and only if there 
exists an open set D such that K C D C Di C\ D 2 and f\\r> = f 2 \o- Let 
denote by A(K, Q-p(X)) be the set of the equivalence classes of 0(K, Q-p(X)) 
in respect with this equivalence relation. It is easily to see that A(K, Q-p(Xj) 
is a unitary algebra and the elements of this algebra are usually called germs of 
the holomorphic functions from K to Q-p(X). 

Remark 3.2 We consider the following notations: 

1. f is the germ of the holomorphic function f G 0(D, Q-p(X j). 

2. <p is the canonical morphism 0(K,Q-p(X)) — ► A(K, Q-p(Xj); 

3. ipo is the restriction of ip to 0(D,Q-p(X)). 

Remark 3.3 1. Since we can identifies C with CI = {XI | A G C }, the alge- 
bras 0(K, C) and A{K, C) can be considerate subalgebras of 0(K, Q-p(X)), 
respectively A(K,Q-p(X)). Therefore, we write 0{K ) and A{K) instead 
ofO(K,C) andA(K,C) 

2. If Tv.ind — limT-p^ (inductive limit), then (A(K,Q'p(X)),T-p i n d) is a 
l.m.c. -algebra. 

We need the following lemma from complex analysis. 

Lemma 3.4 For each compact set K C C and each relatively compact open set 
D D K there exists some open set G such that: 

1. K CG CG CD; 

2. G has a finite number of conex components (G,) i= y-^, the closure of which 
are pairwise disjoint; 

3. the boundary dGi of Gi,i — l,n, consists of a finite positive number of 
closed rectifiable Jordan curves (Xij) j=Tm~' no ^ wo of which intersect; 

4- K n Yij = 0, for each i = l,n and every j = 1, mj. 

Definition 3.5 // the sets K and D are like in the previous lemma, then an 
open set G is called Cauchy domain for pair (K, D) if it satisfies the properties 
(l)-(4)- The boundary 

of G is called Cauchy boundary for pair (K,D). 

Theorem 3.6 // V G Co(X) and T G (Q-p(X)) , then for each relatively 
compact open set D D aw(Qv,T) there exists an application 

T t ,d ■ 0(D,Q v (X)) - Q V {X) 

with the properties: 
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!■ Ft.d is continuous and linear; 

2- Tt,d (ks) — S, where k$ — S; 

3- Tt.d {idi) = T , where idi(X) = XI, for every A G C. 

Proof. Let T be a Cauchy boundary for the pair (aw (Qv ,T),D). Then the 
integral 

f f(X)R(X,T)dX,(V)feG(D,Q v (X)), 
2m J 

r 

exists like Stieltjes integral, since Q-p(X) is a sequentially complete l.m.c- 
algebra and the applications t f(uj(t))R(ui(t),T) are continuous on [0,1] 
for a continuous parametrization uo of T. 

Moreover, if Ti and 1?2 are Cauchy boundaries for pair (o~w(Qvi T), D) then 

^- J f(z)R(X,T)dX=^-[ / (A) R (A, T) dX, (V) / e 0(D, Q V {X)), 
ri r 2 

therefore the application J~t,d ■ 0(K,Q-p(X)) — » Q-p(X) given by formula 

Ft.dU) = ^~ J f W R (A, T) dz, (V) / € 0(D, Q V {X)), 
r 

is well defined. Now we prove that Tt.d has the properties (l)-(3). 

The linearity is obvious. For every p e V and every / e 0(D, Q-p(X)) we 
have 

p(T T , D (f)) < ^supp(i?(A,T))supp(/(A)) < ^l S upp(R(X,T)) \ f \ p . D , 
^ Aer Aer ^ Aer 

where L(T) is the lenght of T, which implies the continuity of application Tt.d- 
Let r > r-p(T) and r r = {z s C\ \z\ — r}. For each A 6 T r we have 
r-p (?) < 1 , so from lemma 12.11 results that 

rp / rp \ n rpn 



This observation implies that 

^d (M = i~Jks(X)R (A, T) dX = ^T" / ^ = 5 



Tt.d [id:) = / Ai?(A,T)dA = -^]Tr i = T. 

27TI / 27TI ' / A" 



14 



Corollary 3.7 If V € Cq(X) and T G (Q-p(X))o, then there exists an applica- 
tion Tt ■ •A.(ow{Qt>,T) 1 Q'p(X)) — ► Q-p(X) which satisfies the conditions: 

1. Tt is continuous and linear; 

2. Tt i^sj = S, where fey is the germ of the function ks = S; 

3. Tt (idij = T, where idj is the germ of the function idi(X) = XI, for all 

X e C 

Proof. If / e A(aw(Qv, T)), then we consider 

•M/) = 3~t,d (/) , (V) / e A(a w (Q v , T)), 

where / G 0(D, Q-p,T)) is an element of equivalence class /. It is obvious that 
the definition of Tt.d (/) is independent by the function / and Tt (jj is linear. 
Since Tt.d = J~t ° and Tt,d is continuous results that Tt is continuous. 
The properties (2) and (3) results directly from the previous theorem. . 

Corollary 3.8 If V G Cq(X) and T 6 (Q-p(X)) , then there exists an unique 
unitary continuous morphism Ft : A(<Jw(Qv,T)) — > Q-p(X) which satisfies the 

condition Ft (idj = T, where id is the identity function on C. 

Proof. The application Ft and Ft.d are defined in the same way like the ap- 
plication Tt and Tt.d- It is easily to see that Ft and Ft.d are linear and 
continuous. Moreover, Ft is unitary and Ft (idj = T. 

We prove that Tt is multiplicative. Let f,g € A{ow{Qv-, T)) and / 6 / 
respectively g £ g. We consider that G and G' are two Cauchy domains with 
the property G' C G. If T and T' are the boundaries of G and G' then 

W>t(5) = -t^2 / / f(X)g(cj)R(X,T)R(u;,T)dXdcj 

yimy j r j T , 

Since G 7 C G, results that r n T = $, so 

w-A^o, (V)A e r, (V)w e r'. 

Therefore using the equality 

R(X,T) - R(w,T) = (w - X)R(X,T)R(u,T) 

we have 

F - (>) ^ ® = / /(A,R(A ' r) (/ r , dA+ 
+ iS9l,"" )8, "' T) (/,^ 14 '^ 
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l - f f(X)g (A) R(X, T)du = F T (/g) 



2ni 

Assume that F : A(<7w(Qt>, T)) — > Qv{X) is an unitary continuous mor- 
phism which satisfies the condition F ( id) = T. We prove that Ft = F. 



Let / £ A{aw{Qvi T)), D D aw{Qv,T) a relatively compact open set, 
/ G O(D), such that / G /, and G a Cauchy domain for (<7vp (Q-p , T) , D) with 
the boundary T. For every n G iV* and z%, z n G T we consider the function 
f n : G — > C given by the relation 



/«M = ^E^fe ZM '(V)-^. (3) 

Then, 



2tt? 



Um/ n (o;) = -^ / I^-dz = f(u 



and since the convergence is uniformly on each compact set K C G, results that 
lim Tind f n — f. Using the continuity of F results that 

hm F (f n ) = F (f) (4) 



Since F is a unitary morphism with the property F (idj — T, then from 
relation (J3]) results that 

1 n 



2ni 

3=1 



lim F 

71 — >00 



(f n ) = ^.Jf(z)R{z,T)dz, (5) 
r 

From relations ((4]) and (|5|) results that 

F (?) = ^-J f(z)R(z, T) dz = F T . D (/) = F T (/) 



which implies that Ft — F. ■ 

Lemma 3.9 If K C C is a compact set, then each element of the algebra A(K) 
is regular. 

Proof. Let / G A(K), D D K & relatively compact open set, / G 0(D) (/ G 
/) and u>o £ f (K). Then there exists two relatively compact open set U and V 
suc h that lu q G U, f (K) C V and U n F = <&. For every co £ U the function 
: — ► C given by relation 

1 



cj - / (A) 
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is holomorphic on / 1 (V), so f u G A{K). 

Since for every compact set A C / (V) we have 

sup sup|/ w (A) | < oo 

results that the set { f u \u G U} is bounded in {A{K),T in d)- Moreover, 

(wl - f)f u = 1 

so u; G <Jw{f)- Therefore aw(f) C f (K). Since K is compact the set / (K) is 
compact, so crw(f) is compact and / is regular. a 

Lemma 3.10 If X and Y are unitary locally convex algebra and F : X — > Y 
is unitary continuous morphism, then F (X r ) C Y r , where X r and Y r are the 
algebras of the regular elements of X , respectively Y. 

Proof. If a; € X r , then there exists k > such that Ae — x is invertible for every 
|A| > k and the set {R(\,x) ||A| > k} is bounded in X. Since F is unitary 
morphism results that 

F(R(\,x)) = R(\,F(x)),(V)\\\>k, 

so from continuity of F results that the set 

{F(R(X,x)) ||A| > k} = {R(X,F(x))\\X\ > k} 

is bounded. Therefore F (x) is regular. a 

Proposition 3.11 IfV £ C (X) and T e (Q V (X)) Q) then 

F T (A(a w (Q v ,T))) c {Qv(X)) Q . 

Proof. From lemmas 13.91 and 13.101 results that Fr(f) is a regular element of 
algebra Q-p(X), for every / G A(crw{Qv, T)), so by proposition 12.31 we have 
that/e (Qv(X)) . 

Lemma 3.12 If V £ Cq(X), T £ (Q-p(X))o and P is a polynomial, then 

F T {P) = P{T) and F T ^ D {P) = P(T). 
for each relatively compact open set D Z> aw (Qv , T) . 

Remark 3.13 From previous lemma results that for each T £ (Q-p(X))o we 
can use the following notation: 

F T {f) = f{T) and F T , D (f) = f(T). 

where f G A(K), D D K open set and f G 0(D), such that f £ / . 
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The following theorem represents the analogous of the spectral mapping 
theorem for Banach spaces. 

Theorem 3.14 IfP E Cq(X), T E (Q-p(X) )o and f is a holomorphic function 
on an open set D D <rw(Q-p, T), then 

o- W {QvJ{T)) = f(a w (Q v ,T)). 

Proof. From lemma p. 101) results that the operator f(T) is regular element of 
the algebra Q-p(X), so the spectrum crwiQv, f(T)) is compact. 

Let wo ^ f(o~w(Qvi T)). Then there exists two relatively compact open set 
U and V such that w E U, a w (Q v ,f(T)) C V and U n V = We proved 
already in the proof of lemma (|3.9p that if the functions f u : f~ x (y) —* C, 
ui E U, are given by relation 

1 



w - / (A) 

then the set {fui\u E U} is bounded in (A(aw (Qv , f(T))), Ti n( f). The morphism 
Ft is unitary, so 

F T (f u )(u;I-F T (f)) = F T (l)=I. 
Now from the continuity of Ft results that the set 

{Ft(U) \ lueU} = {R(w,F T (f)) \ lueU} = {R(lj, f(T)) \ w E U } 

is bounded in Q-p(X). Therefore, wo ^ awiQv, f(T)) and 

a w (Q T ,f(T)) c f(a w (Q<p,T)). 

If luq E awiQvi T) and g^ : D — > C is defined by 

I /'(wq), for A = w , 

then g^o E O(D) and 

/(w ) - /(A) = (w - A)^ (A), (V) A E D. 

Therefore 

/(w )/-/(r) = (w 7-T)^ o (T). 
Since wo/ — T is not invertible results that /(wo) £ cvi/((3p, /(T)), so 

/K(Op,t))c w (Q p ,/(t)). 



Theorem 3.15 Lei V E Co(X) and T E (Q-p{X))o. If f is holomorphic func- 
tion on the open set D D aw{Qv^T) and g E 0(D g ), such that D g D f(D), 
then(gof)(T) = g(f(T)). 
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Proof. Let G be a Cauchy domain for the pair (aw{Qv,T), D) and V the 
boundary of G. Since for each oj £ /(G) the function f u : G — > C, 

/«(*) = U,(V)A6G, 

w - / (Aj 

is holomorphic, we can define / w (T), where 

/« (r) = ^- / ^tttt i*(A, T)rfA = /(T)). (6) 

2m J r uj - / (A) 

If we chose a Cauchy domain G' for the pair (aw(Qv, f{T)), D g ) with the 
boundary V such that /(G) C G', then /(r) fl V = 0, so we can define the 
function given by ((6J for all A G T and a; £ T' . Therefore, from relation ([6]) and 
Cauchy formula results 

9(f(T)) = ^- J g(u)R(u,f(T))du = 



r 



1 



(.go/) (\)R(\,T)d\=(gof) (T) 



r 



Lemma 3.16 Assume that V S Cq(X) anc! T G (Q-p(X))o. I// is a holomor- 



oo 



p/uc function on the open set D D o-y/{Qv, T) and f (A) = a k^ on D, then 

k=0 

oc 

f(T)= E a fe T fc . 

fc=0 

OC 

Proof. For e > sufficiently small the power series ^ a fcA fe converges uni- 

fc=0 

formly on the boundary T of the disc D = { A | |A| = \o~w{Qvi T)\ + e}. 
From corollary 13.81 results that 



2m ,/r ^ % 



1 °° /" 
_5>y A*fl(A,T) dA 

7 n ^ 1 



OO fc 

Since for every |A| > |o"w(<5p, T)\ we have i? (A, T)= ^ ^+r, so from Cauchy 

fe=0 

formula results 
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oo / oo 



) 



dx = e ^ fe . 



oo 



fc=0 \n=0 



oo 



Corollary 3.17 If V e C (X) and T G (Q P (X)) 0; i/ien expT = E it- 



Definition 3.18 J/P G C (X) andT G (Q P (X)) , tfien a sw&se£ ofa w (Q v ,T) 
which is both open and closed in crw(Qv,T) * s called spectral set of T . 

Denote by oY the class of spectral sets of T. 

Proposition 3.19 If V G Co(^0 and T G (Qp(X))o, i/ien /or eac/i spectral 
set H £ St there exists a unique idempotent Th G Q-p(X) with the following 
properties: 

1. T H S = ST H , whenever S G Q V {X) and ST = TS: 

2. T is the null element ofQ-p(X); 

3. T HnK = T H T K , (V) H, K G S T ; 

4- Thuk = Th + Tk, for each H,K G St with the property H (~1 K = <&. 

Proof. First we make the observation that for each set H G St there exists an 
unique germs fjj G A(aw(Qv, T)) with the property (H), where 

for every pair (D, D') of relatively compact open complex sets which 
, TTX satiesfies the conditions 



If T is Cauchy boundary for the pair ( H, D) (the closure of H is taken in 
the topology of C) then by definition consider that 



1) If ST = TS, then SR(X,T) = R(X,T)S, so T H S = ST H . 

2) Results from the definition of Th- 

3) Let H 7 K G St and /h, fit, fiinK G A(o-\y(Qv, T)) which verifies the prop- 
erties (H), (K), respectively (H H K). 

Assume that the pair (D 7 D') and (G, G') are like in (H) and (K) properties. 
Then there exists / G , such that f / D = 1 and //rr =0, and g G /at, such 
that g/c = 1 and g/o' = 0. It is obvious that fg/onG — 1 an d fg/D'nG' = 0, 
so fg G f H nK and 

Thdm = F T (fHnK) = Fr.DnGifg) = F T ,Dr\G{f)FT,Dr\G{g) = 



k=0 



H CD, a w (Qv, T) C -D' and Dnfl' = $ 
then there exists G such that fn/ d = 1 an d /# /zr = 0. 




= F T ,D{f)F T ,G{9) = F(f H )F(f K ) = T H T M . 
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4) We consider the notations made above and with supplementary conditions 
that D n G = and D ' n G ' = 0, since H (1 M = 0. Then 



/(A) + .g(A) = 



1, if A G D U G, 

0, for A G D ' U G', 



Therefore, if Jhuk G A(<jw(Qv, T)) has the property (HUK), then /+<? £ 

JhvjK i SO 

Thum = Fr(fHuK) = Ft,dug{I + .9) = Ft,dug{I) + Ft,dug{9) = 
= F t ,dU) + f t,g{9) = FtUh) + F T {f K ) =T H + T M . 



Corollary 3.20 IfV G Co(AT) G (<3-p(AT))o, then for every pair of spec- 

tral sets spectral set H,K G oV, which have the properties H (~\ K = and 
H U K = aw (Qv , T) , we /iave 

Th + Tk = I and ThTk = O. 

Remark 3.21 From vrovosition \3.1f\ results that Th G (Q-p(X))o, for each 
H £ St 

Lemma 3.22 Assume that V G C (X) and T G (Qp(X)) . If F C C has the 

property dis^awiQviT), F) > £o > 0, then for each p £ P there exists r p > 
smc/i i/ia£ 

p(R(X,T) n ) < ^, (V)AeF,(V)neN 
£ o 

Proof. Let be e G (o, eo), arbitrary fixed. If D = C\F, then for the pair 
{o~w(Qv, T)), D) there exists a Cauchy domain G such that 

|A - w| > s - £, (V) A G F, (V) uj e G 

If r is boundary of G, then 

~, „ st» M /" ^(W,T) , \ L(r) p(R(LU,T) n ) 

\ 27Ti Jy (uj — A) / 2n ueT |w - A| 

^psup^rp^.T)") 

(eo - e) n 

L ( D 

Since £ is arbitrary results that for r p = -g-L sup wgr p{R{ui, T) n ) the lemma is 
proved. . 

Theorem 3.23 Let V G C (X) and T G (Qp(X)) . is an open relatively 

compact set which contains the set aw (Qv , T) , / G 0{D) and S £ (Q -p{X))o, 
such that r-p(S) < dist(aw(QviT),C\D) and TS = ST, then the following 
statements ar true: 
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1. a w {Q Vl T + S) C D; 

2. f(T + S)= £ ^Ps n . 

n>0 

Proof. Let d, d\ > such that 

r v {S) <d x <d< dist (a w (Q v ,T), C\D) . 
If Ti = {A e C | |A| = di}, then for each p s V and each n € N we have 

=p(^ [ A"i?(A, S)dA) < ^ sup (|A"| p(i?(A, 5)) < (7) 

< sup p(R(X,S) sup |A| B < Mi* 

where fc p = sup weri p(JZ(A, T). 

Moreover, the previous lemma implies that for eachp S "P there exists r p > 
such that 

p(i?(A,7T+ 1 )<^ T , (V)AGC\A(V)neN (8) 
so from relation ([7]) and ([8]) results that 

#iZ(A, T)" +1 ^) = p(i?(A, T)" +1 )p(S") < -g* f (9) 

for every p £ V, n e N and A G C\D. Since ^ < 1 the relation §§§ prove that 
the series E^Li R(X,T) n+1 S n converge uniformly on C\D. 
From equalities 

oo oc 

(XI-T-S)Y, R ( x > T) n+1 S n = R ( x > T) n+1 S n {XI -T-S) = 

n—1 n—1 

= jr R(X, T) n S n - jr R(X, T) n+1 S n+1 = I 

n—1 n—1 

results that XI — T — S is invertible in Q-p(X), for all A £ C\D, and 

oo 

R(X,T + S) = ^2R(X,T) n+1 S n . (10) 

71=1 

Therefore the relation © implies that the set {R(X,T + S)\X e C\D} is 
bounded in Q-p(X), so a w (Qv,T + S) C D. 

If r is a Cauchy boundary for the pair (<Tw(Qv, T + S),D), then from (|10[) 
and lemma |2~21 results 

/(A,T + 5) = -^ f f(X)R(X,T + S)dX = 
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= £(^//W«(W +1 <«)s" = 
„ — i \ j i / „ — i 



Corollary 3.24 Let V £ C (X) and T £ (Q V (X)) . If S £ Q-p{X) is V- 
quasnilpotent, such that TS — ST, then 

f(T + S) = J2^P-S n , 00/ e A(a w (Q v ,T)) 

n>0 

4 Locally bounded operators 

Theorem 4.1 IfT £ CB(X), then 

o-(T) = D{a(B v ,T)\T £ B V (X)} 

Proof. Assume that A ^ cr(T). From lemma [T. 301 results that there exists some 
calibration V £ C(X) such that (XI - T) _1 , T £ B V (X), i.e. A £ p(B v ,T). 
From this observation results that A ^ D{a(B-p, T)\T £ B-p(X)}, so 

n{a(B v ,T)\T £ B V (X)} C cr(T) 

The reverse inclusion is obvious. m 

Theorem 4.2 IfT £ CB(X), then there exists V £ C(X) such that T £ B V (X) 
and 

\a(T)\ = \a(B v ,T)\ = lim (||T"||p) 1/n = r lb (T) 

n — >oo 

Proof. Let V £ C (X) such that T £ B P (X). For every p £ V and e > we 
consider 

S p (0x,e) = {x£ X\p(x) < e} 

If v > rib(T), then there exists /i £ (rib(T), v) such that the sequence < ^ > 
converges to zero on a zero neighborhood. Then, there exists a zero neighbor- 
hood U with the property that for each neighborhood V there exists an index 
ny £ N such that 

— (U)cV,(V)n>n v 
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Since V G Cq(X) we can assume without lost of the generality of the proof 
that there exists po G V and e > such that 

rpn 

— (S Po (O x ,e))cV,(V)n>n v . 
A 1 

Moreover, since T G CB(X) there exists some seminorm p\ G V such that 
the set TS Pl (Ox , e) is bounded, so for each zero neighborhood V there exists 
ay > such that 

TS Pl (0x,e) CavV. (11) 
Let be U\ the index for which we have 

—^ S po (Ox, e) C 5 Pl (Ox, e) , (V) n > n x . 
Then for each zero neighborhood V there exists ay > such that 

rpn + 1 rp / ' rpn \ -i 

— T S P0 (Ox, e) = - —S P0 (Ox, e) C -TS P1 (0 X , e) C -^V, (V) n > m. 
so if /3y = At _1 ay an( i n 2 — n i + lj then 

rpn 

— S P0 (0 Xl e)cp v V 7 (V)n>n 2 . 

Assume that V = S q (Ox , 1) , where q 6 V . Therefore, for each q G V we can 
find /3 g > such that 

— S P0 (0x,e)cp q S q (0 x ,l),(V)n>n 2 . 
A 4 



This implies that if po (x) < 1 then 

e r 



m \ 

-/ I ~r—A < l,(V)n> n 2 , 



so 



T" \ 

—a: I < S q po (x) ,(V)n> n 2 , (V) x e X, 
M / 



where S q = e 1 /3 q . 



q- 

Using relation (fTT|) by the same method we can find for each q G V a pozitiv 



number r q such that 



9 (Tsc) < r q px (x) , (V) x G X. 



Since 6 CoPO there exists p 2 ^ V such that p < A?2 and pi < P2- 
Therefore, for each q G V we have 

—x < 7 g p 2 (af) , (V) n > n 2 , (V) x G X, 
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q (Tx) < j q p 2 (x) , (V) x G X. 

where 7 g = max {r g , S g }. 

For each gGf consider the application q' : X —> M given by relation 

q'{x) = max {q (x) , j q p 2 (x)} , (V) x € X. 

It is easy to observe that g' is a seminorm on X and V' = {q '\q G V} G 
If Co = max{l,7 P2 }, then for each q' G "P' we have 

q'(Tx) = max {g (Tx) , j q p 2 (Tx)} < max {j q p 2 (x) , j q ^ P2 P2 (x)} = 

= l q P2 (x) max{l,7 P2 } < c g' (x) , (V) x G X. 

/ T n \ f / T n \ / T n \ ^ 

q — x = max < q — x , 7„n 2 — x > < 

< max {7 9 p 2 (a;) , l q l P2 P2 (x)} = i q p 2 (x) max {1, 7 P2 } < c g' (x) 

for every n > ri2 and every x G X, so T G B-pi(X). 
From inequality 

</ (^*) < c o9 ' (a) , (V) n > n 2 , (V) x E X, (V) g' G V, 
< c , (V)n > n 2 , 



results that 



V 



or equivalently 
Therefore 



|T"|| p< <con n ,(V)n>n 2 . 
limsupdlT"!!^™ <ii<v. 



and since v > r/(,(T) is arbitrary chosen results 

limsup(||T n || 7 v) 1/n <r»(T). 

n— *oo 

From inclusion <x(T) C a(B-pf,T), propositions 11.321 and II .271 results that 
r lb (T) = \a(T)\ < \a(B v ,,T)\ < liminf(||T"||H lA \ 

71 — ► OC 

so 



\a(T)\ = \a(B v ,,T)\ = lim (||T n || 7 „) 1/n = 



For a locally bounded operator T on a locally convex space X we can dchnc 
the main subsets of the spectrum aib(T): the point spectrum a p (T), the continu- 
ous spectrum cr c (T), the residual spectrum a r (T)), respectively the approximate 
spectrum a a (T). 
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Definition 4.3 If X is a locally convex space and T G CB(X), then: 

1. A e (T p (T) if and only ifker(XI - T) ^ {0 X }; 

2. A G cr c (T) i/ and onZzy i/ (A/ — T) _1 exists on the set ImX(I — T) which is 
dense in X and (XI — T)X ^ X; 

3. X G <x r (T) «/ and onfo/ z/ (A/ — T) -1 exists on the set Im(XI — T), which 
is not dense in X : 

4- X G cr a (T) z/ and only if for each V G C(X), such that T G B-p(X), and 
for every c > i/iere exists a seminorm p G P and an element x G X smc/i 
iaai p ((XI — T) x) < cp (x) . 

Remark 4.4 From previous definition results that the sets o~ p (T),o~ c (T) and 
o~ r (T) are disjoint and 

a(T) = a p (T)Ua c (T)Ua r (T). 
Theorem 4.5 IfT G CB(X), then 

1. a r (T)Ua a (T)=a(T); 

2. o p (T) G <r a (T) and a c (T) G a a (T). 

Proof. 1) Denote by a r (T) c and a a (T) c the complements of the sets a r (T), 
respectively a a (T). Let A G a r (T) c (~l cr Q (T) c and y £ X. 

From the condition A ^ o~ a (T) results that there exists "P G C(X), such that 
T E B V (X), and c > such that 

p ((XI - T) x) > c oP (x) , (V) x G X, (V) peP, 

so ker(A7 — T) = {Ox}- Therefore the operator (XI — T) _1 exists on the set 
Im(A/ — T), which is dense in X. The previous inequality is equivalent with 

pi^XI-TY 1 ?}j <c- 1 p(z),(y)z£lm(XI -T),(V)peP. (12) 

Since Im(AI — T) is dense in X, then for each y G X there exists an sequence 
{a^}^ such that ys — Xx$ — Txs converges to y. 

From previous observation results that the operator (XI — T) _1 exists on 
the set Im(AI — T) and is continuous in the sense of the relation (fT2")) . Therefore 
the sequence xg = (XI — T)~ 1 yg converges in X to an unique element x and 
from continuity of (XI — T) _1 results that (XI — T)x = y 

Therefore, (XI-T)X = X, and from (12]) results that (XI — T) _1 G B V (X), 
i.e. A £ <t(T). This implies that a(T) C a r (T) U a a (T). 

For reverse inclusion we must prove that o- a (T) C <j(T). If A G cr a (T), then 
for each V G C(X), with the property T G B-p(X), and every c > there exists 
a seminorm p £ V and an element x G X such that 

p((A/-T).T) < cp(x) 
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If we assume that A ^ cr(T), then there exists a calibration V £ C(X) such 
that (XI - T) _1 ,T £ B V (X). From lemmas [L2l and [TT251 results that 

p ((aj - ry 1 x) < 1 1 (xi - ry 1 1 | PP (a) ,(V)ie x, (v) per, 

or equivalently that for y = (XI — T) 1 x we have 

p(y) < \\(XI-T)- 1 \\ v p((XI-T)y),(V)xEX, (V)peP, 
which contradict the supposition we made. 

2) Since the sets a p (T), o~ c (T) and oy(T') are disjoint two of each, the property 
follows from (1) u 

Theorem 4.6 IfT e CB(X), then 

1. the boundary da(T) of the spectral set o~(T) is included in a a (T); 

2. the set <J a (T) is bounded and closed. 

Proof. 1) Let A G der(T) and e > 0. Then there exists A G p(T) = pi m (T) 
such that | A — Ao |< §. From lemma ll .301 results that there exists V G C(X) 
such that (XI - T)-\T G B V (X). Then from corollary 02 we have 

(xi-ry 1 



1 2 

v - MX) > ? 



where d(X) is the distance from A to cr(T). Since 

(A/ - TY 1 ^ = inf {M >0j) ((A/ - x) < (x) , (V) x G X, (V) p G 7?}, 
results that there exists po E V and xo G X such that 

p ((AI-T^xo) > 2e-%(x ). 

For = (A/ — T) -1 a^o we have 

p ((XI-T)y a ) <2- 1 ep (yo). 

liVe C(X) such that T G Bp(X) and (A/ - T) _1 £ Bp(X), then from 
the definition of universally bounded operators there exists pi £ V and yi E X 
such that 

Pi ((AJ-T)- 1 ^) >2e-V(yi) 
Therefore, for y 2 = (A/ — T)" 1 y\ we have 



Pl ((XI~T)y 2 )<2~ 1 ep 1 (y 2 ) 
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In conclusion, for every V G C(X), such that T G B-p(X), and for every 
e > there exists qo G V and zo G X such that 

q ((A J - T) zo) < qo ((A J - T) * - (A/ - T) zo) + q ((XI - T) zo) = 

= 9o ((A - A) zo) + q ((XI - T) zo) < (| + f ) 1o (zo) = m (zo) 

Therefore, A G o a (T) and da(T) C a a (T). 
2) Since a compact set has a nonempty boundary from (1) results that the set 
<r a (T) is nonmpty set. 

If A G (T a (T) c , then there exists V G CpQ, such that T G B P (X), and 
c > with the property 

p ((AoJ - T) a;) > c p (z) ,(V)x£ X, (V) P eP, 

For A € C with the property | A — Ao < co/2 we have 

cop(x) <p((XoI-T)x) < 

<p((XoI-T)x + (XI-T)x)+p((XI-T)x) < 
< p ((Ao - A) x) + p ((XI - T) x) = 2" 1 cop (a:) +p((XI — T) x) 
for all x G X and p 6 V, so 

2" 1 cop (x) < p ((XI — T)x), (V) xeX,(V)pe V. 

Therefore, A G <r a (T) c and 

{A||A-A |<|}ca Q (rr. 

Since Ao G cr a (T) c is arbitrary chosen results that the set <J a (T) c is open, so 
(2) is proved. B 

Theorem 4.7 If T G and P G C(X), sucft tftai T e #p(X) and 

<r(Q-p,T) is closed, then a(Q-p,T) — aw(Qv,T)- 

Proof. Let V = (p a ) aeA G C(X) such that T G B V (X). From definition of 
Waelbroeck spectrum results that p w (Q Vl T) C p(Q-p,T). 

We prove that p(Q P ,T) C p w (Qv,T)- Let A G p(Q v ,T) ( A ^ oo). Since 
<r(Q-p,T) is closed set results that p(Q-p,T) is open, so there exists e > such 
that J)(Ao,e) c p(Q-p,T), i.e. for every A G D(Ao,e) the operator A/ — T is 
invertible and (A/ - T) _1 G Qv(X). 

We will prove that there exists £o > such that {i?(A, T)|A G J> (Ao, eo)} is 
a bounded set in Q-p(X). 

First we study if a(Qv, R(Xo, T)) is bounded. If | p |> e _1 , then | p | _1 < e 
and Ao — p^ 1 € D (Ao, e). Therefore, results that the operator (Ao — p~ v )I — T 
is invertible and ((A - p- 1 )! - T)- 1 G Qv(X). 
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We need to prove the equality 

RQi, R (Ao, T)) = fi^R (A - fT 1 , T) (X I - T) (13) 

Indeed 

H^R (A - n~\T) (A / - T) ( M / - R(X 0l T)) = 
= R(\ - /I' 1 , T) (A / - T) - /i- 1 /? (Ao - fi- 1 , T) = 
= R(X - ii- 1 , T) ((Ao - ii- 1 )! -T + ii- 1 1) - ir 1 R (A - (j,-\T) = 

= I + li- 1 R(Xo-ii- 1 1 T)-iL- 1 R(X -iL- 1 ,T)=I (14) 
Since, R (Ao — T) comute with T results that 

R (A - ii' 1 , T) (A / — T) = (A / — T)R (A - /i" 1 , T) , 

which implies that 

R(X , T)R (A - m" 1 , T) = R (A - ^ ,T) R{X ,T). 

From this equality and relation (I14[) results (fT3"l) . 
Moreover, 

i? (Ao - M -1 ,^) , (A / — T) G Q-p(X), 

so R(ii,R(X ,T)) € Qv(X), for all | /x |> e _1 . 
Therefore, cr(Q P , R(Xq,T)) C D (0, e" 1 ) . 

But if a(Q-p, R(Xo, T)) is bounded then by proposition 11.281 there exists a 
family of seminorms V' G C(X) which satisfies the condition 

1. the families V = (Pa) ae \ and V' = (j>' a ) a eA nas the same family of indices. 

2. for every a € A there exists m a , M a > such that 

m a p a (x) < p' a (x) < M a p a (x) , (V) x € X; 

3. R(X ,T) eB' v (X) 

Moreover, it is obvious that Q' V (X) = Q-p(X). 

Let eo = min{e, 2 _1 ||/?(Ao, T)!!^,, 1 }. Then for every | fi |< e we have 

oo k 

||/i/2(Ao, T)\\ v , < i, so the series ( — f 1 ) R(^o,T) k converges in the algebra 

fc=0 

B~p'{X) with respect to || \\ v ,. From the equalities 

(oo 
^(- M ) fe i?(A ,T) 
fc=0 

oo oo 

= £ (- M ) fc /?(Ao, T) fe - £ (-/i) fc+1 /?(A , T) fc+1 = / 

fc=0 fe=0 
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results that 

CO 

(I + fiR(Xo, T))- 1 = ]T R(X , T) k 

k=0 

Using this relation and the following equalities 

oo / oo \ 

£ {-fif R(X ,T) k+1 = ("/*)* R(^,T) k R(X , T) = 

= [I + fxR(X , T)}- 1 R(X , T) = [(A , T) {I + (iR(X , T))]" 1 = 
= (X I - T - [iiy 1 =R{fx + X ,T) 

oo 

results that ]T (-/i) R(X a ,T) k+1 converges in B T ,{X) to R((i + X a ,T). 

k=0 

Since \\fiR(Xo, T) \\ v , < \ results that 

\\R(fi + X ,T)\\ v> <2\\R(X ,T)\\ V , ,(V) \fi\<eo. 

so using lemma [T. 251 we have 

p' a (R(n + X ,T)x) < 2 ||J2(Ao, T)\\ v , p' a (x) , 

for every x G A and every a G A. The property (2) of family V' G C(X) implies 
that 

p a (i?(/i + X ,T)x) < m^ 1 p' a (R(fi + X ,T)x) < 
< m - l 2\\R(X a ,T)\\ v ,p' a (*) < 
< 2m- 1 M a \\R(Xo,T)\\ v ,p a (x) 
for every x G X and every | fj, |< eq. Therefore, 

p Q (i?Gu + A Q , 2» < Zrn^Mc \\R(X , T)\\ v , 

for every a G A and every | |< e , so the set {R(X,T)\X G Z?(Ao,eo)} is 
bounded in Q-p(X) and Ao G pw(Qv,T). u 

Proposition 4.8 If (X,V) is a locally convex space such that V G Co{X), then 
for each operator T G CB(X) there exists a family of seminorms V' G C(A) 
such that V ~V' and T G B V ,(X). 

Proof. Since T G CB(X) there exist po G V such that m Poq {T) < oo, for each 
g £ P . From lemma ITT21 results that 

ff(Ta;) < m poq (T)p (x), (V) x G A, (V) q G P (15) 

For every g 6 P, we consider the application q' : A — > R given by relation 

q'(x) = m&x{q(x),m PQq (T)p (x)} , (V) x G A. 
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It is easily to see that V = {q'\ g G V} G C(X) and for every q G V we have 
q< q'. Let q' G V, where 

q'(x) = max{q(x),m poq (T)p (x)} , (V) a; G X. 

Since G Co(X) results that there exists q\ <£ V such that po < and 
9 < qi , so 

= max{q(x),m paq (T)p (x)} < c q qi(x), (V)x £ X, 

where c g = max{l, m Po g(T)}. Therefore, for every q' G V there exists q\ G V 
and c q > such that q' < c q (7i. This will implies that 

Moreover, from (|15[) results that for every q' G T 5 ' we have 

q'(Tx) = max{g(Ta;),mp og (T)po(7 1 x)} < 

< max{m po( j(T)po(a;),TOp 0(Z (T)po(7 1 )po(a;)} = 
= m Pog (T)po(2c)max{l,^o(T)} < c Q m Poq (T)q' (x) 
for all a; G X (where c = max {l,p CT)}), so T G B V /(X). ■ 

Corollary 4.9 J/ (X,V) is a locally convex space such that V G Cq(X) and 
CB{X) = C{X), then 

CB(X) = C(X) = Q V (X) = (Qv(X)) Q . 

Proof. It is a direct consequence of proposition and propositions 11.91 11.231 and 
PI 

Corollary 4.10 If (X,V) is a locally convex space such that V G Cq(X) and 
T G CB(X), then 

a{T) = a tb (T) = a(Q v , T) = a{Q° v , T) = <j w (Q v ,T). 

Proof. The proposition 1 1 . 3 1 1 give us the equality cr(T) = ait(T). 

If A G pu,(T), then there exists a scalar a and a locally bounded operator 5* 
on X such that (XI - T) _1 = al + S. From proposition 11.231 and 14.81 results 
that S G (Q V (X)) , so (XI - T)- 1 G (Q V (X)) . Therefore, A G p(Qv,T) and 

p lb (T) c p(Q° v ,T) c p(Qv,T) c p(T), 

which prove that 

a{T) = a lb (T) = a(Q v , T) = a(Q° v ,T). 

Moreover, from proposition 11.331 results that the set a(Q-p,T) is closed. 
Proposition 14.81 implies that there exists some calibration V 1 G C(X) such 
that V « V' and T G B V ,(X). Since Qp(X) = Q V >(X) (proposition [OJ) and 
a(Q-p,T) — a(Q-p',T) is closed, the theorem 14.71 will prove that 

a(Q v ,T) = a(Q v >,T) = a w (Qv,T) = a w (Q v ,T). m 

Remark 4.11 If (X,V) is a locally convex space such thatV G Cq(X), then the 
corollary \4-10\ show that for locally bounded operators on X the functional calcu- 
lus presented in the previous section is a natural generalization of the functional 
calculus for bounded operators on Banach spaces. 
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